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Schubert subvarieties of Grassmannians and, more generally, varieties 
G/P (with G a linear algebraic group and P a parabolic subgroup) have 
long been a rich source for algebraic geometers and topologists. Recent 
interest has focussed on their singularities, which are of interest due to 
the relationship between the intersection homological properties of a 
singularity of a Schubert variety in G/P and invariants of composition 
series of Verma modules [KL, GM]. This work presents a simple com- 
binatorial algorithm for deciding whether a Schubert variety in G/P, where 
G = SL,, is singular. This leads to a geometric characterization of the non- 
singular Schubert varieties, as sequences of Grassmannian bundles over 
Grassmannians. The combinatorial techniques are those of [P] (of whose 
existence the author was unaware). 
A more general result of this nature has been proved by Seshadri and 
Lakshmibai [LakS], who use Standard Monomial Theory to find the ideal 
of the singular locus of a Schubert variety in G/B, where G is an algebraic 
group with a Standard Monomial Theory, and B is a Bore1 subgroup of G. 
Ryan [R] has obtained results similar to ours, using general techniques for 
understanding determinantal varieties. The present work has the advantage 
of being quite elementary, while sharing aspects of both of the above. 
Or special interest here are the combinatorial techniques, which appear 
to be a basic connection between the singularities of Schubert Varieties, the 
geometry of the tibres of Springer’s resolution of the singularities of the 
nilpotent scheme (see [Wl ] ), and the Kazhdan-Lusztig polynomials. A 
related note [W2] discusses some applications of these techniques to the 
computation of the Kazhdan-Lusztig polynomials. 
1. PRELIMINARIES ON SCHUBERT VARIETIES 
Notation. 
k : a fixed algebraically closed field of characteristic zero ; 
S: SL,(k); 
l Current address: Department of Mathematics and Computer Science, Hamilton College, 
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V : k-vector space of dimension n on which S acts ; 
B : Bore1 subgroup (upper triangular matrices); 
T : maximal torus of diagonal matrices ; 
W= N( T)/T, the Weyl group; 
0~~ : simple root of S which takes the diagonal matrix with entries 
d 17 *..T dn to dildi+ 1; 
z : the set of simple roots; 
X, : one-parameter subgroup of G corresponding to the root cr; 
F=(F,cFZc ‘.. c F,, = V), a fixed flag of subspaces of V, invariant 
under the action of B; dim F, = i. 
Let G be a linear algebraic group, let B be a Bore1 subgroup, and let A 
be a subset of the set of positive roots. Let P(A) be the subgroup generated 
by B and (X,: -o! E A ), and let W(A) be the subgroup of W generated by 
the associated reflections. The Schubert cell C, c G/P(A) is the double 
coset BwP(A)/P(A), where w  E W. The cell C, and C, are equal if w-*Y lies 
in W(A). The Zariski-closure c,. is the corresponding Schubert Variety. 
The Schubert Varieties are in one-to-one correspondence with the 
elements of the coset space W/W(A). Furthermore, the poset (partially 
ordered set) of all C, in G/P(A), ordered by C, 6 C, if C,,, c c,, is poset- 
isomorphic to W/W(A) with the Bruhat order. The Bruhat orders on the 
coset spaces of Weyl groups of classical groups are described in [PI, which 
we summarize for the case of SL,. We identify the root cli with the integer i 
Suppose AC = {j,, . . . . j,,,}, where A” denotes the complement of A in 
{ 1, 2, . . . . n - l}, Then the Bruhat order on W/W(A) is isomorphic to the 
poset of all permutations of the n-tuple 
e=O n -iI 1 ill i2 . . . ,A 7 
where rs indicates s occurrences of the integer r. The order-generating 
relations are as follows : if _b = b1 b2 ... 6, is an n-tuple in the poset, and if 
bi < bj for some pair i< j, then the n-tuple obtained by switching the 
positions of bi and bi is below b. The maximal element is e. See [P] for 
details. We record this for reference: 
PROPOSITION 1. Let A” = {jl, . . . . j,,,}, n > j, 2 . . . 2j, 2 1. There is a 
one-to-one correspondence between the Schubert varieties in S/P(A) and 
permutations of the n-tuple e. 
We will generally identify a Schubert variety with the permuted n-tuple 
to which it corresponds. 
There is a more geometric version of this correspondence. Let S act on 
the k-vector space V, where dim, V=n; S then acts on all flags of sub- 
spaces of K Any standard parabolic subgroup P stabilizes flags of the form 
vi,c v,*c ... c vi,, (1.1) 
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where each VG is a subspace of I’ of dimension ii. Thus, S/P is isomorphic 
to the variety of all flags of the form (1.1). 
PROPOSITION 2. Let A” be as above and let A = ( jl, . . . . jnpm}. Then 
S/P(A) is isomorphic to the variety of flags of the form (1.1) with I = m, 
i, =jl, iz= j2, etc. 
Proof If A is empty, then P(A) = B and A” = { 1, . . . . n - 1 }. An elemen- 
tary calculation shows that if A = { ji}, then P(A) fixes flag of the form 
The full result follows easily. 1 
A Schubert variety C, in S/P(A) has the form BwP(A)/P(A), that is, it is 
the variety of flags of the form (1.1) which are in specified relative position 
with respect to the flag F fixed by the action of B. This means that c, is 
defined by relations 
dim( VI; n Fd,,,) b t. (1.2) 
The integers d,,, determine the Schubert variety; it is irreducible if in the 
left-justified array 
the position of each entry in row j+ 1 is to the right of or below its 
position in row j [El. This means that all d, j appear in row r of an array 
describing an irreducible variety. 
PROPOSITION 3. Let A” be as above. Then the correspondence of 
Proposition 1 is realized as follows: 
m occupies places d,, 1, . . . . d,,i,; 
m - 1 occupies empty places dz,, , . . . . d2,iZ; etc. 
All spaces left empty are filled with 0. 
EXAMPLE. Let n = 5, A= (4, l}, A”= {3,2}. Then S/P(A) consists of 
all flags Vz c V, c V, in some fixed 5-dimensional vector space Vs (here, as 
always, a vector space is subscripted by its dimension). The Schubert 
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varieties in S/P(A) are in one-to-one correspondence with the permutations 
of e = 00122. The permutation taking e to 21020 corresponds to the array 





dim( V) n F4) 2 3. 
That is, F,cF2cF4, and FzcF3. 
Proof of Proposition 3. We prove this for the case A”= {j}, j<n, 
following [LS]; the more general case follows easily. If A’= {j}, then 
S/P(A) is isomorphic to the Grassmannian G(j, V) of j-planes VjC I’. A 
Schubert variety consists of those Vi satisfying the conditions 
dim( Vi n Fd, ) 2 i, 1 < i < j. We form an n-tuple with “1” in places d,, . . . . dj, 
and zeroes elsewhere. This clearly defines a one-to-one correspondence 
{Schubert varieties in G(j, V)} -+ {permutations of e}. To see that the 
order is preserved, notice that any allowable simple reflection 
si _, = (i i- 1) will change one of the conditions on Vj from, say, 
dim( Vi n Fd,) > i to dim( Vj n Fd, _ 1) 2 i, i.e., csi-,,,, c c,. 
The proof of the general case is left to the reader. 1 
The Schubert varieties c,,, and c, in S/P(A) are equal if w  and u lie in 
the same W(A) coset of W. To resolve this ambiguity, identify W with the 
symmetric group S, in the standard way [B], and suppose that 
A” = {j,, . . . . j,>. A Schubert variety c, in S/P(A) is identified with a 
permutation of the n-tuple e as in Proposition 3; we identify this with a 
permutation in S, as follows: write 1,2, . . . . j, in order from right to left 
under each occurrence of m in the permuted n-tuple; write j, + 1, . . . . j, + 
j, _ 1 from right to left under each occurrence of m - 1; etc. For example, 
the Schubert variety 21020 in SL,/P(4,1) engenders the permutation 
1 2 3 4 5 
> 23514’ 
Although we do not use this fact, we note that the permutation so 
constructed is the longest element of the W(A) coset containing w. 
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Many n-tuples engender each permutation in S,; for example, the 
permutation 
( 2 1 2 3 5 3 4 1 4 5) 
is also engendered by the 5-tuple 32041, which corresponds to a Schubert 
variety in SIB. 
DEFINITION. TWO Schubert varieties are permutation equivalent if their 
n-tuples correspond to the same permutation. 
Permutation equivalent Schubert varieties are geometrically related as 
follows. The natural map 
takes Schubert varieties to Schubert varieties (for flags, it is the forgetful 
map that forgets a subspace in the flag). The effect on e of joiningji to A is 
to replace all occurrences of r with r - 1 for r > i. For example, when 
A = (4, l> and n = 5, e=OO122. Here, A” = {3,2}, so j, = 3, and when 
A= {4,3,1} we have A”= (2) and e=OOOll. If the n-tuple b,..-b, 
rpresents a Schubert variety in S/P(A), its image in S/P(A u {j,}) is 
i, . . . . 6,, where 8,= bi if i< 1 and ai= bi- 1 if i> 1. Thus, in the example, 
the image of 21020 is 10010; this is the Schubert variety in G(2,5) 
consisting of 2-planes V2 that satisfy F, c V, c v/4. 
We record the following trivial proposition for reference. 
PROPOSITION 4. Any permutation equivalence class forms a poset under 
the order induced from the inclusions A c A v ( ji}. In particular, each such 
class has a maximal element, viz., the one corresponding to the largest A c C 
that occurs in the class. When expressed as a permutation of e, the maximal 
element is characterized by never having any occurrence of i to the right of 
all occurrences of i + 1. 
2. THE MAIN THEOREM 
THEOREM. Let C be a Schubert variety in S/P(A), with A” = { jl, . . . . j,,,}. 
Then C is nonsingular if and only if the maximal element of its permutation 
class is an n-tuple of one of the following forms: 
(1) m~OYomxlOYl(m- l)-Q()YZ... lxmOYm; 
(2) f, = (m - 1)“’ mx2(m - 2)“’ (m - 1)“4; or 
(3) fi+1=fi(m-i+2)“2~+1(m-i+1)“2i+2. 
In the above, x0 and any yi may be zero. 
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We also have: 
COROLLARY. Suppose C is a nonsingular Schubert variety in S/P(A). 
Then C can be realized as a sequence of fibrations 
C=I;,-+F,+F,+ .-‘-+F,, 
where I;, is a Grassmannian and the fibres of each Fi + F,, 1 are 
Grassmannians. 
Proof of Corollary. Write out the array corresponding to each non- 
singular form in the theorem above, and check that this is the case. 1 
Note. A results similar to the corollary appears in [R]. 
To prove the theorem, first notice that the inclusion A c A u (ji> 
induces the P’ libration 
Zi: S/P(A) + S/P(A U (ji}). 
The fibres of rri are all isomorphic to P(A u {j,})/P(A), and are hence non- 
singular; furthermore, xi clearly preserves permutation equivalence classes. 
Thus, each Schubert variety in a permutation equivalence class is non- 
singular if and only if the maximal element in the class is nonsingular. We 
henceforth assume that all Schubert varieties are maximal in this sense. 
It follows easily from Proposition 3 that each of the n-tuples in the 
statement of the theorem corresponds to a nonsingular Schubert variety. 
The proof is completed by induction on m. The case m = 1 is the 
Grassmannian case, and is thus a restatement of [LS] or [K]. To be more 
explicit, notice that an n-tuple of the form 
corresponds to the Schubert variety given by the array 
[l 2...r, r,+m,+ 1 . ..r.+r,+m,], 
that is, to 
This is isomorphic to the Grassmannian of r,-planes in a vector space of 
dimension r r + m,, so is nonsingular. 
The paradigmatic singular Schubert variety is 0101, that is 
{ V, c F4: dim( V, n F2) 2 1). It is singular at V, = Fz. Consider 
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this, by Proposition 3, is 
C = {V: F, E V, dim(F,, n V) > L, + M, _ ,, i = 1,2, . ..}. 
where L,=n,+ .+. +n, and M,=m,+ ... +mi, and dim(V)=L,. The 
dense, Zariski-open subset 
C’={V:F,~~,dim(F,_,+,,_,c~)~L,-,+M,_,, 
dim(F,,n V)=L,+M,+,} 
is singular along the locus { V: dim FL,-, + ,,,-* > L, _ i + M, _ *}. Thus, C is 
singular. 
To proceed with the induction, notice that the Schubert variety with 
(n+ 1)-tuple m’b, . .. b, is isomorphic to the variety 6, . . . b,; this is an 
immediate consequence of Proposition 3. We thus assume that the first 
element of the n-tuple is not m. There are three cases: 
Case 1: All m occur in one clump to the left of all (m - 1). 
Case 2: All m are in one clump to the right of some (m - 1). 
Case 3: The m are split up. 
We will prove Cases 1 and 2 by direct manipulation of flags; the proof of 
Case 3, which is very similar to that of Case 2, will be sketched. 
Proof of Case 1. Suppose the Schubert variety is 
w,msw2(m - l)‘w3, 
where each wi is an r,-tuple, and (m - 1) does not appear in w  1 or w2. By 
Proposition 3, the Schubert variety is 
c= {(V,,c v,c ... c Vim):Jj,~F,,+, 
dim(Vj2nFr,+skL 
dim(Vj2nF,, +r2+s+l)2s+ t 
. . . 1. 
We know whether the Schubert variety w  10”w,(m - l)‘w, is singular by 
induction, since m cannot appear in any wi. If it is nonsingular, so is 
w1 mswz(m - l)‘w,. If it is singular, consider the Zariski-open set c’ c C 
consisting of those flags with dim( V, n F,, +,) = jl ; this is isomorphic to an 
open set in w= w,(m- l)“w,(m- 1)‘w3, because a flag in C’ satisfies 
Vj, c Vjz n Fr, + s 7 which has dimension j,. In fact, the canonical map 
( vj, = vj* = -*. c V,)+(Vj*c **. c Vi,) is biregular over C’, as can be 
easily seen by writing down a parametrization. The variety w  is singular by 
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induction, and this open set meets the singular locus of w, because the flag 
Vi = Fi is in every singular locus. Thus, the original Schubert variety is 
singular. 1 
Proof of Case 2. The n-tuple in this case has the form 
w1(m- l)“m’w&?r- l)“Wd, 
where wi is an r,-tuple and (m - 1) does not occur in w2 or We. Applying 
Proposition 3, the Schubert variety consists of flags 
. . . 1. 
We consider the Zariski-open set 
The morphism (Vi, c Vi2 c . . . c I’,) + (Viz c a.. c Vim) takes C’ to w  = 
Wl(rn - l)“w,(m - l)‘w,(m - l)Uwq, and each libre is isomorphic to 
G(j, s+ t). Furthermore, one can define a local section by choosing 
vjl t G(j, 3 vjz n Fs + t + rl + r2 ). Again, w  is singular by induction, and the 
image of C’ meets the singular locus, as above. It follows easily that the 
original C is singular. 
If the original n-tuple has the form fi w’ but is not an fi, it is either 
(m- l)s1msz(m-2)33(m- l)“w,m’wz 
or 
(m - 1)s’ms2(m - 2)“3(m - 1)s4wJ, 
where each wi is an r,-tuple and m does not occur in wj. The first falls into 
Case 3, while in the second case it follows from Proposition 3 and an 
argument similar to that above that the Schubert variety is singular. 1 
Proof of Case 3. The proof here is very similar to the Grassmannian 
case. All occurrences of m are replaced by (m - l), and one looks at an 
appropriate dense Zariski-open subset to see that the Schubert varieties 
whose n-tuples have this form are singular. 1 
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3. CLOSING REMARKS 
Proctor [P] derives similar formulations of the Bruhat orders for 
Schubert varieties in G/P, where G is of type A, B, C, or D. The author has 
partial results (see [W2, W3]) indicating that a similar strategy will lead to 
similar theorems when these groups are realized using their classical 
representations as orthogonal or symplectic groups. 
The poset structure given by the Bruhat order describes the singular 
cohomology of a Schubert variety C because the Schubert cells in e 
provide a cell decomposition for C, but it should provide more. Witness the 
following trivial observation: if a Schubert cell C (over C) has more cells of 
complex codimension 1 than G/P has cells of complex dimension 1, then 
Poincare Duality is violated and the variety C is singular. Thus, in the case 





so the Schubert variety 0101 has two cells in codimension 1 (1001 and 
0110) but only one (1010) of dimension 1; thus, it is singular. 
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